Using plaquette and Symanzik improved gauge action and stout link clover fermions we determine the improvement coefficient c SW in one-loop lattice perturbation theory from the off-shell quark-quark-gluon three-point function. In addition, we compute the coefficients needed for the most general form of quark field improvement and present the one-loop result for the critical hopping parameter κ c . We discuss mean field improvement for c SW and κ c and the choice of the mean field coupling for the actions we have considered.
Introduction
Simulations of Wilson-type fermions at realistic quark masses require an improved action with good chiral properties and scaling behavior. A systematic improvement scheme that removes discretization errors order by order in the lattice spacing a has been proposed by Symanzik [1] and developed for on-shell quantities in [2, 3] . O(a) improvement of the Wilson fermion action is achieved by complementing it with the so-called clover term [3] , provided the associated clover coefficient is tuned properly.
Wilson-type fermions break all chiral symmetries. This introduces an additive negative mass renormalization term in the action, which gives rise to singularities in the quark propagator at small quark masses and makes the approach to the chiral regime difficult. A chiral improvement of the action is expected to reduce the additive mass renormalization and the spread of negative eigenvalues. Surprisingly, this is not accomplished by the clover action.
While the magnitude of the additive mass term decreases with increasing clover term, the problem of negative eigenvalues is more severe for the clover than for the standard Wilson action. It is well known that via a combination of link fattening and tuning of the clover coefficient, it is possible to reduce both the negative mass term and the spread of negative eigenvalues [4, 5, 6] .
The focus of this investigation is to determine the clover coefficient and the additive mass renormalization for plaquette and Symanzik improved gauge action and stout link clover fermions in one-loop lattice perturbation theory.
The Symanzik improved gauge action reads [1] 
This reduces to the standard plaquette action S Plaq G for c 1 = 0.
Clover fermions have the action for each quark flavor [3] S F = a 
κ c being the critical hopping parameter, is the additive mass renormalization term, and F µν (x) is the field strength tensor in clover form with σ µν = (i/2) (γ µ γ ν − γ ν γ µ ). We consider a version of clover fermions in which we do not smear links in the clover term, but the link variables U µ in the next neighbor terms have been replaced by (uniterated) stout links [7] U µ (x) = e i Qµ(x) U µ (x)
with
V µ (x) denotes the sum over all staples associated with the link and ω is a tunable weight factor. Stout smearing is preferred because (5) is expandable as a power series in g 2 , so we can use perturbation theory. Many other forms of smearing do not have this nice property. Because both the unit matrix and the γ µ terms are smeared, each link is still a projection operator in the Dirac spin index.
The reason for not smearing the clover term is that we want to keep the physical extent in lattice units of the fermion matrix small which is relevant for non-perturbative calculations. In that respect we refer to these fermions as SLiNC fermions, from the phrase Stout LinkNon-perturbative Clover.
The improvement coefficient c SW as well as the additive mass renormalization am 0 are associated with the chiral limit. So we will carry out the calculations for massless quarks, which simplifies things, though it means that we cannot present values for the mass dependent corrections.
For complete O(a) improvement of the action there are five terms which would have to be added to the O(a) effective action, they are listed, for example, in [8] . Fortunately, in the massless case only two remain,
The first is the clover term, the second is the Wilson mass term. We have both in our action, there is no need to add any other terms to the action.
In perturbation theory c SW = 1 + g 2 c
(1)
The one-loop coefficient c
SW has been computed for the plaquette action using twisted antiperiodic boundary conditions [9] and Schrödinger functional methods [10] . Moreover, using conventional perturbation theory, Aoki and Kuramashi [11] have computed c (1) SW for certain improved gauge actions. All calculations were performed for non-smeared links and limited to on-shell quantities.
We extend previous calculations of c (1) SW to include stout links. This is done by computing the one-loop correction to the off-shell quark-quark-gluon three-point function. The improvement of the action is not sufficient to remove discretization errors from Green functions. To achieve this, one must also improve the quark fields. The most general form consistent with BRST symmetry is [12] 
From now we denote improved quark fields and improved Green functions by an index ⋆. These are made free of O(a) effects by fixing the relevant improvement coefficients.
There is no a priori reason that the gauge variant contribution c N GI / A(x) vanishes. The perturbative expansion of c N GI has to start with the one-loop contribution [12] . As a byproduct of our calculation we determine that coefficient c
and find that it is indeed nonvanishing.
Off-shell improvement
It is known [11] that the one-loop contribution of the Sheikoleslami-Wohlert coefficient in conventional perturbation theory can be determined using the quark-quark-gluon vertex Λ µ (p 1 , p 2 , c SW ) sandwiched between on-shell quark states. p 1 (p 2 ) denotes the incoming (outgoing) quark momentum. In general that vertex is an amputated three-point Green function.
Let us look at the O(a) expansion of tree-level Λ (0) For simplicity we omit in all three-point Green functions the common overall color matrix T a . That tree-level expression between on-shell quark states is free of order O(a) if the expansion of c SW starts with one, as indicated in (9)
Therefore, at least a one-loop calculation of the Λ µ (p 1 , p 2 , c
SW ) is needed as necessary condition to determine c The off-shell improvement condition states that the non-amputated improved quarkquark-gluon Green function G ⋆µ (p 1 , p 2 , q) has to be free of O(a) terms in one-loop accuracy. In position space that non-amputated improved quark-quark-gluon Green functions is defined via expectation values of improved quark fields and gauge fields as
Since the gluon propagator is O(a)-improved already, we do not need to improve gauge fields. Using relation (10) we can express the function G ⋆µ by the unimproved quark fields ψ
where G µ (x, y, z) is the unimproved Green function.
Taking into account
and setting A µ (z) = 0 (unless there is an unexpected symmetry breaking), we obtain the following relation between the improved and unimproved Green function
From (17) it is obvious that tuning only c SW to its optimal value in G µ (x, y, z), there would be an O(a) contribution left in the improved Green function. The requirement that G ⋆µ (x, y, z) should be free of O(a) terms leads to an additional condition which determines the constant c N GI . It has not been calculated before.
Taking into account the expansion (11) of c N GI we get in momentum space (F [·] denotes the Fourier transform)
or its amputated version
The relation between non-amputated and amputated unimproved and improved threepoint Green functions are defined by
K νµ (q) denotes the full gluon propagator which is O(a)-improved already, S(p) and S ⋆ (p) the corresponding quark propagators.
With the definition of the quark self energy
the unimproved and improved inverse quark propagators are given by
Using the Fourier transformed (17) with (19) and amputating the Green function (20), taking into account the inverse quark propagators (23), we get the off-shell improvement condition in momentum space
This expression should hold to order O(g 3 ) by determining both c niques. For the symbolic computation we use a Mathematica package that we developed for one-loop calculations in lattice perturbation theory (for a more detailed description see [14] ). It is based on an algorithm of Kawai et al. [15] . The symbolic treatment has several advantages: one can extract the infrared singularities exactly and the results are given as functions of lattice integrals which can be determined with high precision. The disadvantage consists in very large expressions especially for the problem under consideration. In the symbolic method the divergences are isolated by differentiation with respect to external momenta.
Looking at the general analytic form of the gluon propagator for improved gauge actions [16] one easily recognizes that a huge analytic expression would arise. As discussed in [16] we split the full gluon propagator D
where ξ is the covariant gauge parameter (ξ = 0 corresponds to the Feynman gauge). The diagrams with D Plaq µν (k, ξ) only contain the logarithmic parts and are treated with our Mathematica package. The diagrams with at least one ∆D µν (k) are infrared finite and can be determined safely with numerical methods. The decomposition (26) means that we always need to calculate the plaquette action result, as part of the calculation for the improved gauge action. Therefore, we will give the results for both plaquette gauge action and Symanzik improved gauge action using the corresponding gluon propagators D Because the numerical part determines the accuracy of the total result we discuss it in more detail. There are several possibilities to combine the various contributions of the one-loop diagrams as given in Fig. 1 . In view of a later analysis we have decided to group all coefficients in front of the independent color factors C F and N c and the powers of the stout parameter ω
where the C i have to be computed numerically. In order to obtain C i we first add all contributions of the diagrams shown in (1) and integrate afterwards. We have used a Gauss-Legendre integration algorithm in four dimensions (for a description of the method see [14] ) and have chosen a sequence of small external momenta (p 1 , p 2 ) to perform an extrapolation to vanishing momenta.
Let us illustrate this by an example: the calculation of the coefficient C 4 . We know the general structure of the one-loop amputated three-point function as (we set a = 1)
From this we can extract the coefficients by the following projections
Relations (30) show that one has to compute the three-point function for all four values of µ. Further they suggest choosing the external momenta orthogonal to each other:
We discuss the determination of B(p 1 , p 2 ) and C(p 1 , p 2 ) in more detail. For small momenta they can be described by the ansatz
The choice of the momenta is arbitrary except for two points. First, they should be sufficiently small in order to justify ansatz (30). Second, they should not be integer multiples of each other in order to avoid accidental symmetric results. The symmetry of the problem demands the relation B 0 = C 0 which must result from the numerical integration also. Performing the integration at fixed p 1 and p 2 we obtain complex 4 × 4 matrices for M 3 (p 1 , p 2 ) and M 4 (p 1 , p 2 ) from which the quantities B(p 1 , p 2 ) and C(p 1 , p 2 ) are extracted via (30).
A nonlinear regression fit with ansatz (30) gives 
It shows that the symmetry is fulfilled up to an error of O(10 −7 ) which sets one scale for the overall error of our numerical calculations. In Fig. 2 we show the almost linear dependence of B(p 1 , p 2 ) and C(p 1 , p 2 ) on p Summarizing we find that the error of our numerical procedure is of O(10 −6 ). Additionally, we have checked our results by an independent code which completely numerically computes the one-loop contributions for each diagram including the infrared logarithms. Both methods agree within errors.
The Feynman rules for non-smeared Symanzik gauge action have been summarized in [11] . For the stout smeared gauge links in the clover action the rules restricted to equal initial and final quark momenta are given in [6] . As mentioned in the introduction we perform a one-level smearing of the Wilson part in the clover action. The corresponding Feynman rules needed for the one-loop quark-quark-gluon vertex are much more complicated than those in [6] . The qqgg-vertex needed in diagrams (c) and (d) of Fig. 1 receives an additional antisymmetric piece. The qqggg-vertex in diagram (e) does not even exist in the forward case. The Feynman rules are given in Appendix A. The diagrams which are needed for the calculation of the quark propagator are shown in Fig. 3 . We have performed our calculation in general covariant gauge. 4 Results for the improvement coefficients and critical hopping parameter
The anticipated general structure for the amputated three-point function in one-loop is
is the universal part of the three-point function, independent of the chosen gauge action, computed in the MS-scheme
We have calculated the complete expressions for Λ
as in (9) . After some algebra we find
where µ 2 is the MS mass scale (not to be confused with the index µ). Therefore, we only need Λ
If we insert (32) and (33) with (34) into the off-shell improvement relation (25) we get the following conditions that all terms of order O(ag 3 ) have to vanish
with Σ 21 defined from (23) as
and
The constant Σ 21,0 depends on the chosen lattice action.
It should be noted that equations (35) and (36) are obtained by using the general structure (34) only -we do not need to insert the complete calculated result for Λ M S 1,µ (p 1 , p 2 , q). In order to get momentum independent and gauge invariant improvement coefficients we see from (35) that C lat itself has to be constant and gauge invariant. From (36) and (38) we further conclude that the log(a 2 µ 2 )-terms from A lat and B lat have to cancel those from Σ 21 . The same is true for the corresponding gauge terms. The terms
2 )) (i = 1, 2) coming from (37) are canceled by the corresponding terms in (34). (34) is a nontrivial result. Once more, it should be emphasized that this relation only holds if we use c SW = 1 at leading order in g 2 . If (34) were not true, we would not be able to improve the Green functions by adding the simple O(a) terms we have considered.
Therefore, the relation between Λ
For completeness we also give the corresponding one-loop values for the quark field improvement coefficient c D as defined in (10) . They can be derived from the O(a) improvement of the quark propagator. The one-loop improvement coefficient c (1) D is related to the quark self energy by As shown in (25) (or equivalently (36)) we need the self energy parts Σ 1 (p) and Σ 2 (p) as defined in (23) to solve the off-shell improvement condition. They have the general form 
Inserting the corresponding numbers into (35), (36) and (39), we obtain the one-loop contributions of the clover improvement coefficient 
the off-shell quark field improvement coefficient
and the on-shell quark field improvement coefficient
for the plaquette and Symanzik action, respectively. For ω = 0 both the plaquette result (45) and the Symanzik result (46) agree, within the accuracy of our calculations, with the numbers quoted in [9, 10] and [11] .
From Ward identity considerations it is known that the coefficient c N GI has to be proportional to N c only. Additionally, c N GI and c SW should be gauge invariant. Both conditions are fulfilled within the errors which have been discussed in the previous section. It should be noted that (47) and (48) are the first one-loop results for the quark field improvement coefficient c N GI . The gauge dependent improvement coefficient c D depends only on the color factor C F because it is determined by O(a) improvement of the quark propagator.
The additive mass renormalization is given by
This leads to the critical hopping parameter κ c , at which chiral symmetry is approximately restored,
Using the plaquette or Symanzik gauge actions, we obtain 
For both actions am 0 can be tuned to zero for admissible values of ω. Using the smaller possible value we find ω = 0.089396 for the plaquette action and ω = 0.088689 for the Symanzik gauge action.
Mean field improvement
It is well known that one-loop perturbation theory in the bare coupling constant g 2 leads to a poor approximation. The coefficient of g 2 is large in most quantities, and the series converges poorly. One traditional way to reduce this problem is by mean field improvement, which consists of two ideas.
The first is that we calculate each quantity in a simple mean field approximation, and then re-express the perturbative result as the mean field result multiplied by a perturbative correction factor. If the mean field approximation is good, the correction factor will be close to 1, and we have resolved the problem of the large one-loop coefficient. As a good internal test of this part, we can simply look to see how large the coefficient in this correction factor is (the "tadpole improved coefficient"), compared with the initial unimproved coefficient.
The second part of the mean field approximation is that we change our expansion parameter from the bare coupling g 2 to some "boosted" coupling constant, g 2 M F , which we hope represents physics at a more relevant scale, and leads to a more rapidly convergent series. A well-chosen boosted coupling would reduce the two-loop coefficient. Unfortunately we usually cannot test this part of the improvement procedure, because the two-loop coefficient is unknown. Fortunately, if the mean field approximation is good, the exact choice of boosted coupling constant will not be too crucial, because the lowest order improved coefficient will be a small number.
Mean field approximation for smeared fermions
In the mean field approximation we typically assume that the gauge fields on each link are independently fluctuating variables, and that we can simply represent the links by an average value u 0 . Typical choices for u 0 would be to choose u 4 0 to be the average plaquette value, or to choose u 0 to be the average link value in the Landau gauge.
A natural question is how we should extend the mean field approximation if we employ smearing. One possibility is to express everything in terms of two quantities, u 0 , a mean value for the unsmeared link, and u S , a mean value for smeared links 2 . We will discuss the relation between these two quantities later, first we want to make a general point about mean field approximations and smearing.
The reason we smear our gauge links is to suppress very short range fluctuations in the gauge field, which is justified by the argument that these short range fluctuations are very lattice-dependent, rather than physical. However, put another way, suppressing short range fluctuations means that we are correlating nearby gauge links. So there is a certain tension between smearing and the mean field notion that each link is fluctuating independently. We will take the attitude that it does still make sense to use the mean field approximation if smearing is mild -but we should treat the results with some degree of caution if extreme smearing is used.
Applying this double-u mean field approximation to the SLiNC fermion matrix we find the following results for the principal fermion quantities,
(we define Z ψ by the relation S ren = Z ψ S lat ). For reasonable smearing we expect the smeared link u S to be closer to 1 than the bare link u 0 , so most quantities will lie closer to their tree-level values with smearing. However, the clover coefficient c SW is an exception; it will be further from 1 with smearing than without, because we construct our clover term from unsmeared links.
As a result, we obtain the mean field expressions for κ c and c SW by performing the following replacements
Here u S and u 0 are the measured smeared and unsmeared links at the given coupling and u pert S and u pert 0 denote the corresponding expressions in lattice perturbation theory.
The smeared plaquette in perturbation theory
We will use u pert S derived from the smeared perturbative plaquette P S
To one-loop order we have
where D αβ (k) the gluon propagator for the action in question. The smearing function V αµ (k, ω) is defined in (A.5) in Appendix A, s µ (k) and s 2 (k) used below are given in (A.2). Using symmetry and the definition of V , the expression simplifies to
We can see from this form that mild smearing has the effect of suppressing the contribution from large k. Setting ω = 0 in k S , we recover the unsmeared link in perturbation theory
For the plaquette action propagator we can calculate the integral exactly. The result is k
Let us see how well this improves the expressions for κ c and c SW . Using the result (55) we find 
Again, mean field improvement works well.
For the Symanzik action we calculate the integral in (63) numerically, and get the result k
The corresponding mean field improved expressions for κ c (56) and c SW (46) are In this section we discuss the boosted coupling for SU(3), we have set N c = 3, C F = 4/3 throughout.
From higher order continuum calculations we know that g
(µ) is a good expansion parameter if µ is close to the appropriate physical scale. On the other hand, series in the bare lattice coupling g 2 (a) usually converge poorly. To understand this difference let us compare the two couplings. To one-loop order we have
where b 0 = (11−2N f /3)/(4π) 2 , and N f is the number of flavors. The ratio of Λ parameters is thus given by
The coefficient d g is known for the plaquette and Symanzik gauge action [17] :
In Appendix C we show that d f is independent of the stout smearing parameter ω. Therefore, we can use the value for clover fermions computed in [18] d f = 0.0314917 .
For N f = 3 this leads to
These ratios are far from 1, especially for the plaquette action, which explains the poor convergence of series in g 2 (a). Now let us see what happens to the Lambda ratio if we make the popular choice of boosted coupling
which gives Λ M F lat
For N f = 3 the numerical values of this ratio are
We see that mean field improvement drives Λ lat towards Λ M S for both the plaquette and Symanzik gauge action, giving g
, so that g 2 M F appears to be a good expansion parameter in both cases. A perfect match is obtained for µ = 1/0.702a (µ = 1/2.459a) for the plaquette (Symanzik) action.
Concluding remarks
In the present paper we have computed the improvement coefficient c SW and the additive mass renormalization/critical hopping parameter in one-loop perturbation theory for general stout parameter ω performing a single smearing. To separate the effect of improving the gauge action from the effect of tuning the fermion action, we have done the calculation for both the plaquette action and the tree-level Symanzik gauge action. In addition we also present the O(g 2 ) corrections to the coefficients c N GI and c D needed to O(a) improve the quark fields in the most general case.
We give mean field (tadpole) improved results for κ c and c SW . For both the plaquette and the Symanzik action the boosted coupling g , which makes g 2 M F a good expansion parameter. We thus may expect that the perturbative series converges rapidly.
For N f = 3 flavors of dynamical quarks it turns out that the one-loop improved Symanzik gauge action [2] coincides largely with its tree-level counterpart, with coefficients c 0 ≈ 5/3, c 1 ≈ −1/12 and c 2 ≈ 0 [19] . This makes the tree-level Symanzik action (1) stand out against other improved gauge actions, at least from the perturbative point of view. SLiNC fermions represent a family of ultralocal, ultraviolet filtered clover fermions. While they share all prominent features of clover fermions, among them O(a) improvement and flavor symmetry, they allow to further optimize the chiral properties of the action by tuning the fattening of the links. In our forthcoming simulations with N f = 2 + 1 and 2 + 1 + 1 flavors of dynamical quarks at realistic pion masses we shall employ this combination of gauge and fermion actions.
Knowing the perturbative (asymptotic) value of c SW , we can derive a closed expression for c SW that covers the whole range of g 2 . We will do so in a subsequent paper employing the Schrödinger functional method. The one-loop coefficient c
SW varies only slightly within the interval 0 ≤ ω ≤ 0.2 for both the plaquette and Symanzik action. For ω = 0.1, which is our favorite value, the tadpole improved one-loop coefficient becomes c Stout link fattening reduces the additive mass renormalization considerably, with and without tadpole improvement, as expected. In fact, the critical hopping parameter κ c can be tuned to its continuum value of 1/8 for an appropriate choice of ω. We also confirm by early simulations with this action [20] that the spread of the negative eigenvalues is reduced by a factor of ≈ 2 for ω = 0.1 and non-perturbative c SW , as compared to ordinary clover fermions. SLiNC fermions have many other appealing features as well. The renormalization factors of quark bilinear operators, for example, come out to be very close to unity, which hints at virtually continuum-like behavior.
Appendix A: Feynman rules
In this Appendix we give the Feynman rules for quark-gluon vertices derived from action (3) with single stout smeared gauge link variables in the Wilson part and general Wilson parameter r. The pieces in the vertices proportional to c SW are denoted with V . They have been rederived using our notations and they agree with the Feynman rules given in [11] . In the vertices we denote the incoming/outgoing quark momenta by p 1 /p 2 . The For the color matrices we have:
We use the abbreviations
For later use we give the bare massless quark propagator
The structure of the Wilson quark-gluon vertices is
Let us introduce the following functions to be useful in the definitions of the improved vertices
The qqg-vertex including stout smeared links and clover contribution is given by the expression (
The stout smeared part shows the separation property mentioned in [6] . The clover part is given by
The qqgg-vertex:
We define the qqgg-vertex as follows (
The stout smeared part is separated into two parts proportional to {T a , T b } and [T a , T b ]. The anticommutator part shows the factorization property mentioned for two and four quark operators
The commutator part is given by .12) Note that this part is proportional to ω. The part ∝ c SW has been used in the form
Both (A.12) and (A.13) vanish for tadpole diagrams along quark lines.
The qqggg-vertex:
We present that vertex contribution in the following form (
Cyclic permutations have to be performed in the gluon momenta as well as in the color and Lorentz indices of the three gluons. Note that the general stout smeared part is proportional both to W 1µ and W 2µ .
is decomposed into its different color structures:
where the f
αβγµ are given as
The clover part of the qqggg-vertex is given by
In (A.17) the total permutation has to be performed in the gluon momenta, color and Lorentz indices.
We only need this vertex for the gluon tadpole diagram of Fig. 1 , which simplifies the expressions. In the tadpole contribution to the vertex (A.14) we denote the external gluon momentum by q = p 2 −p 1 , the color index of the gluon by a and the internal momenta by k and −k. The color indices (b, c) of the remaining gluons forming the tadpole are summed up using the color diagonality δ bc of the gluon propagator, k is the gluon momentum in the tadpole loop. So the stout smeared tadpole contribution is defined from the general qqggg-vertex (explicitly symmetrized in the three gluons) as
Using that definition we obtain for the stout smeared part
From that expression a convenient representation is found in the form
The structures C αβγµ and D αβγµ , additionally contributing to O(ω), are In order to express the one-loop result (B.1) in terms of Spence functions, logarithms and rational functions of external momenta we have proceeded in two steps. First we have expanded all tensor integrals over the internal momentum into scalar three-point integrals times tensor functions of the external momenta [21] . Then we used recursion relations of Davydychev [22] to reduce these scalar three-point integrals into scalar two-point integrals and Θ. The quark propagator S and the vertices V are defined in Appendix A, the trace here is over both spin and color. The corresponding one-loop diagrams are shown in Fig. 4 .
In the required limit of small a 2 q 2 we can expand in q 2 and drop any terms O(a 2 q 4 ). From power counting we would at first expect the integrals ∝ ω in (C.2) to have values proportional to 1/a 2 or 1/a 3 , and to make a finite contribution to d f . However we show now that there is a perfect cancellation between the continuum-like diagram Fig. 4(a) (the integrals involving W 1 ) and the tadpole contribution which implies that d f depends on r and c SW , but not on ω.
